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ASYMPTOTIC METHODS IN THE MECHANICS OF
CONTINUOUS MEDIA: PROBLEMS WITH MIXED
BOUNDARY CONDITIONS+t

V. M. ALEKSANDROV
Moscow
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Regular and singular asymptotic methods are applied to one- and two-dimensional integral equations
of the first kind that arise in the treatment of various two-dimensional axisymmetrical and three-
dimensional problems with mixed boundary conditions in the mechanics of continuous media.

AsymproTiC methods have several advantages: universality, the analytical form of the solutions
obtained and the simplicity of further qualitative and quantitative analysis. Since problems
with mixed boundary conditions can usually be reduced to the solution of integral equations,
the latter are the real object of attention in this paper, where it is proposed to use asymptotic
methods to investigate them. Later a few typical integral equations (IEs) will be considered
[1-11].

1. TWO-DIMENSIONAL PROBLEMS AND A FEW THREE-DIMENSIONAL
PROBLEMS

Consider the IE

_}lw(t)k(g")d&w(x)

A (L.1)
K<l Ae(0), f(x)eHI-L1), o> %
k(t)= :{.E—S—Q cosutdu 12)

(H(-B, B) is the space of functions whose mth derivatives satisfy a Holder condition with
exponent o for |xi<p). The function L (x) is continuous and positive for we(0, ), and it
satisfies the following asymptotic equalities

L(u)=Au+0@®) (u—0, A=const>0) (1.3)
N-1B. 1
Lw)=1+ E} ;S'+ 0(?7-) (u— oo, B; =const)
=]
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We shall also assume that L(u)u™ and o L(w)]”, being functions of the complex variable
w=u+iv, are regular in strips lvl<y, and lvi<vy,, respectively. Hence it follows, in
particular, that the kernel k(¢) decreases at infinity at least as rapidly as exp(—y, I71).

We consider the Hilbert space H(-1, 1) with norm

Jolf, = _lfl _lf] ‘P(m@)k(e’; ) % ; —-O-o'—ld’(m)l2 dot (1.4)

where ®(a) is the Fourier transform of the function ¢*(x) (¢*(x)=¢(x) for [xI<1 and
¢*(x)=0 for |xI>1). Using Riesz’s theorem on the form of bounded linear functionals, one
can show that the solution of IE (1.1), (1.2) in H(-1, 1) exists and is unique for any A €(0, =); it
is in fact

o(x) = 01~ 22 %, wx)eC-11) (1.5)
The equation is well posed, in the sense that

fole < il (1.6)

From (1.3) we obtain a representation for the kernel (1.2)
K= T ar® +[ 3 6% + | S ¥ .7
i=0 i=0 i=0

where ¢,=-1 and the series converges uniformly for Itl<p, p=eo, It follows from the
structure (1.7) of k(¢) that for sufficiently large A the solution of IE (1.1) may be written as

o(x) = ): z 9y OX Ay + oY (n )M (1.8)
i=0 j"‘
Substituting (1.7) and (1.8) into (1.1), we obtain a system of IEs for the successive determin-
ation of the functions of the type

1
—Ilw(é)lnlé Idé mg(x) (d<1) (1.9)

As such equauons can be solved in closed form for any g(x)e Hy(-1, 1), the regular
asymptotic expansion (1.8) can actually be constructed to within any desired accuracy. For
practical purposes it is usually sufficient to retain terms of the order of A*, in which case the
solution (1.8) of Eq. (1.1) will be valid throughout the range A =sup(2, 2/p).

Consider the system of two 1Es

an(&)k(§ ")d& 1;ﬁ(x)+!q>2(§)k(g ]dé (1= x <o)

(1.10)
fcm(&)k(g - )d& =nfy (1) + {«n (é)k(i-;—-’i)da (—o<x<1)
The functions f,(x) and f,(x) are such that
f(x)=0(e™) (x>0, a;>0) (1.11)

HD)=0() (x> —s, 0 >0)
L@+ H)=f(x) (x=1)
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When the last of conditions (1.11) is satisfied, the solution of IE (1.1) can be found as the
sum of solutions of IEs (1.10), i.e.

X =)+ @0 (Ixi=<1) 1.12)
It can be shown that the first two conditions (1.11) imply

¢ (x)=0(e™™) (x> e, B, >0) (1.13)
0,(x)=0(P) (x5 -, B,>0)

If the function f{x) in IE (1.1) is even or odd, then

LD =£f(=x), ¢;(x)=1¢;(~x) (1.14)

In both these cases the system of IEs (1.10) reduces, via obvious substitutions, to a single IE

TW k(T - )dt = th(d) £ }'\y(c)k(% —t- 'c)d't O0<t<w)
0 2/

(1.15)
y(t) =@ (AM-1), AH=A"f(-1)

We shall always take the “plus” sign for the even case and the “minus” for the odd case.

It is obvious from expansion (1.7) that the kernel k() has a logarithmic singularity at zero.
In addition, it disappears exponentially at infinity. Taking these factors into account, together
with the first relation of (1.13), one can show that the following asymptotic estimate holds
uniformly in ¢

Jv “’"(‘%""‘)“"=°‘e'23"“) (L16)

By (1.16), the IE (1.15) can be solved for small A by successive approximations, dropping the
integral on the right in the zeroth approximation. When that is done, each iteration requires
the solution of an IE of the form

zw(wc('c«)dnnz(r) (0 1<) (117)

Such IEs can be solved in closed form by the Wiener-Hopf method. One can therefore
actually construct a singular asymptotic expansion of IE (1.1) for small A as

1+x 1—x

o(x) = \v(T) t W(T) (1.18)

to within any desired accuracy. For practical purposes, it is usually sufficient to consider the
zeroth approximation, i.e. to take as y(¢) a solution of IE (1.17) for I(f) = h(r). This approx-
imate solution holds throughout the range A <sup(2, 2/p).

Thus, the regular asymptotic method for large A and the singular asymptotic method for
small A cover the entire range of variation of A guaranteeing a complete analytic solution of
any problem that can be reduced to an IE of type (1.1), (1.2).
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2. AXISYMMETRICAL PROBLEMS AND THE FIRST HARMONIC

Consider the 1E
1

[ oo, (%ﬂpdp =4 (")

0

2.1)
O0sr<I; Ae(0,%); n=0,1; f(r)e H,l'o(S)
kn(u,v>-—~ZL(u)J,(uu)Jn(vu)du 22)

where S is a circle of unit radius, J (x) the Bessel function and L(u) has the properties
described above.
Introducing the Hilbert space H(S) with norm

) 1 11 g .
foll; =5 [Tot)oe), (%%)rpdrdp = [L(eA)®*(a)dor 23)
00 0

where ®(a) is the Hankel transform of ¢*(r) (¢*(r)=¢(r) in S and ¢*(r)=0 outside S), one
can show, using Riesz’s theorem, that IE (2.1) and (2.2) has a unique solution in H(S) for any
A € (0, <), of the form

o= )1-n"", o) ecs) (2.4)

Moreover, the equation is well posed in the sense of (1.6).
The IE (2.1) and (2.2) for n=0 can be reduced to an equivalent IE

1 -
Il\lf(ﬁ)m(é—x—x)dé =mAg(x) (x=<1) (2.5)
m(t) = TL(u) cosutdu (2.6)
0

where the even functions y(x) and g(x) are related to ¢(r) and f(r) by the equations

1 x
o(=-2L f YOE_ . 470D @7)

mdr o EEt 2 L doyx2_p?

For n=1IE (2.1) and (2.2) may also be reduced to an equivalent IE (2.5) and (2.6) where
now the odd functions y(x) and g(x) are related to ¢(r) and f(7) by

o =-2 L NQE

d_* fp)dp
ndr,;;éz_rz dxx(j;

X —p?

2.8)

Asymptotic solutions of IE (2.5) and (2.6) for large and small A, together covering the entire
range of variation of A may be constructed along the same lines as was done above for IE (1.1)
and (1.2). In particular, we note that, by (1.3), the kernel (2.6) may be represented as

m(t) = m8(r)+ }":o aa% + |3 6% + nfe| 360 (29)
i= i=0 i=0
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where the series are uniformly convergent for Ifi<p, p=tes, &1} being the delta-function. It is
clear from (2.9) that for large A a solution of IE (2.5) must again be sought in the form (1.8);
but there is no need to solve an IE of the type (1.9)

We also note that, by [3, Theorem 41.2}], a solution of Eq. {2.1) for any n=2 may be
constructed if one knows a solution of the equation for n=0.

3. THREE-DIMENSIONAL PROBLEMS

Consider the IE
FRY . _
o4 Jdan =231 5) 61

xeD, R=yE-2+Mn-y", %mgwﬂa, fy)eH @)

é{:}a;&{mﬁ (ut)du G2

The function L{x) has the properties described above, the domain  is simply connected, and
the contour L of Q has continuous curvature.
Introducing the Hilbert space H(Q) with norm

Ikl = %{{ {{ o(x )0, ﬂ)k(%)drdydﬁa‘n =

=41 T X0 pfdup =\ +5) ¢3)

where @(a, B) is the two-dimensional Fourier transform of ¢*(x, ¥) (¢*(x, y)=¢(x, ¥) in Q,
@*(x, y)=0 outside Q) one can show, using Riesz’s theorem, that IE (3.1), {3.2) has a unique
solution in H{Q) for any A e{, -}, of the form

#x ) =0 INENH, oty ec@) 34
where N(x, y)=0 is the normalized equation [12] of the contour L, N(x, y)>0 in Q. In

addition, the equation is well posed in the sense of {1.6).
From (1.3) we obtain a representation for the kernel (3.2)

k@) =1+ Saltd 413 oY e Tt (35)
el i=0 i=0

where the series converge uniformly for 1 <p, p<=. Substituting (3.5) into (3.1}, we conclude
that, for sufficiently large A, the solution o(x, y) of IE (3.1} will have a form similar to {1.8),

with ¢,(x) replaced by ¢,(x, y), if one can find a solution (even just an approximate solution)
in Q of the following IE, which is simpler than (3.1)

gh’%‘*&i@:&g{x‘y}* (rxreQ. glxyye H Q) 39)

For practical purposes it is usually sufficient to truncate the series for ¢(x, y) by omitting
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terms of order higher than X*; this covers the range A =sup(2, 2/p).

The treatment of IE (3.1) for small A cannot be considered directly, since it is not A itself that
must be small, but a certain parameter p (L= 21) related to the geometry of Q. Let Q be a
convex domain (the case of non-convex Q is more difficult and requires the use of results from
[2]) and let @ be the minimum radius of curvature of its contour L. Define p by pu=21/a. We
have p=A only when Q is a circle.

Let Q) and Q, be domains, defined, respectively as the loci of the points in  whose
distances from the contour along the normal are at least a(1-0) and a(l-¢), €>0. For small
values of 1 one can construct a degenerate solution of 1E (3.1) in the form

Oxy) =53 {Hf(é n)l( )d€dn+0[exp(-l;—enm (3.7)
2
Q. I —_
(x,)eQ,, I(t)= £ e )Jo(ut)du

The last integral must be interpreted in the generalized sense.
To construct a solution of the boundary-layer type in the domain Q-Q,, we rewrite Eq.
(3.1) in the form

R R
1 906K £ Jazan+ 1o moe(F Jaean =21 ) G3)
a-ng Q
and consider points (x, y) e Q-Q,. We get the following estimate for the last integral in (3.8)

et n)k( )dadn o[;exp(-avl H (39)

Draw the normal from a point A (x, y)eQ—-Q, to L. Let the length of the normal be n and its
point of intersection with the contour B(x,, y,). Take a point O(x,, y,) on L as reference point
and measure the distance s between the points O and B along L The numbers n and s will be
the new coordinates of A in the curvilinear system of coordinates (n, s) Provided that
-1/2<s=<1/2 (where [ is the perimeter of L), each pair of numbers (x, y) in the domain Q-
will correspond to just one pair of numbers (n, s) and conversely.

By (3.8), the IE (3.8), written in (#, s) coordinates, is

fdﬁ | 0@, 'y)k(r)d‘y+0[——exp( )]=—f(b c)
0 -—kip W
0<b=<1/p, l<k/p

b=n/A, c=s/A r=y@B-b)?+(y-c)?, k=1/(20)

eB.7)=0E.M), f(b,c)=f(xY)

(3.10)

Now, letting pu tend to zero in (3.10), we obtain the following IE for a boundary-layer type
solution

TaB T oB1k)y=221(bc) O<b<om, <o) 3.1)
0 —c0
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Equation (3.11) may be solved in closed form by using Fourier transforms of functions of ¢
and then applying the Wiener—-Hopf method.

Define the relative thickness of the boundary layer as H =b,/A, where b, may be deter-
mined, e.g. by the condition

maxcu(p(b()oc)_ (p‘(b0¢c)"(p‘(b0 ’C)rl } = 0-025 (312)

with @*(b, c) the principal part of ¢(b, c) as b—» o —this is identical with ¢(x, y) when the
latter is given by (3.7). The boundary layer should obviously be included in the domain Q-Q,,
so that the range of the parameter p is bounded by u<H™.

In conclusion, we mention that asymptotic methods have also been used with success in
dealing with various non-linear problems of mechanics with mixed boundary conditions; see,
for example [13].
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